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Abstract
Many studies indicate that Total fertility rates (TFR(t)) are negatively correlated 
with life expectancies at birth (e0(t)). We found that complete random-combinations 
of TFR(t) and e0(t) would result in about 24% and 22.2% of improbable combina-
tions in probabilistic population projections (PPPs) for developing and developed 
countries, respectively, namely, high (or low) TFR(t) combined with high (or low) 
female e0(t). Thus, we propose optimized random-combinations of probabilistically 
projected TFR(t) and e0(t) for PPPs, and we use different strategies of the optimized 
randomcombinations across developing and developed countries due to different 
empirical patterns observed. As illustrative applications, we conducted PPPs for 11 
developing countries (Brazil, China, Indonesia, Madagascar, Pakistan, Philippines, 
Saudi Arabia, Singapore, Sri Lanka, Thailand, Viet Nam), and 6 developed coun-
tries (Canada, France, Italy, Japan, the United Kingdom, the United States), using 
our proposed optimized random-combinations of probabilistically projected TFR(t) 
and e0(t). We found that optimized random-combinations largely reduce percentages 
of improbable combinations of TFR(t) and e0(t) and substantially narrow the predic-
tion intervals width compared to complete random-combinations in both developing 
countries and developed countries. This is important in a real-world practical sense 
since it would substantially improve the accuracy of PPPs, which are useful for soci-
oeconomic planning. The present study is part of our ongoing research program on 
probabilistic households and living arrangement projections (PHPs) that builds upon 
and is consistent with the UNPD PPPs. The PHPs are useful for various studies of 
healthy aging and sustainable development. 
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Introduction

The United Nations Population Division (UNPD) made a great historical break-
through by publishing probabilistic population projections (PPPs) for each 
country worldwide since June 2014 in the World Population Prospects (United 
Nations, 2013; Alkema et al., 2015). The UNPD PPPs are based on probabilistic 
projections of total fertility rates (TFR(t)) in year t and life expectancy at age 
0 (e0(t)) in year t, as well as the complete random-combinations of TFR(t) and 
e0(t) (Alkema et al., 2011; Gerland et al., 2014; Raftery et al., 2014; Ševčíková 
et  al., 2013). The term “complete random-combinations” (or “completely ran-
domly combined”) in this article refers random-combinations without any scope 
strategy of assembling expert options and judgements.

The research question to be addressed in the present article is: "To what extent 
the complete random-combinations of the probabilistically projected TFR(t) and 
e0(t) may result in improbable combinations of TFR(t) and e0(t) in future years?" 
The authors believe that the correlations between TFR(t) and female e0(t) need to 
be considered when conducting PPPs. This is because that if complete random-
combinations of the projected trajectories of TFR(t) and e0(t) in the future years 
are adopted, very low (or high) trajectories of TFR(t) and very low (or high) tra-
jectories of e0(t) may be randomly combined, which are inconsistent with empiri-
cal observations that have been reported in numerous previous studies and may 
accordingly reduce the accuracy in the outcomes of PPPs.

Using the UNPD-released probabilistically projected TFR(t) and female e0(t) 
in the future years, this study investigates the percentages of the improbable com-
binations if the projected TFR(t) and female e0(t) are completely randomly com-
bined. We explore different optimized random-combinations of probabilistically 
projected 2,000 trajectories of TFR(t) and 2,000 trajectories of female e0(t) for 
each of the 11 developing countries (Brazil, China, Indonesia, Madagascar, Paki-
stan, Philippines, Saudi Arabia, Singapore, Sri Lanka, Thailand, and Viet Nam) 
and each of the 6 developed countries (Canada, France, Italy, Japan, the United 
Kingdom and the United States (countries are listed in alphabetical order) to 
substantially reduce the percentages of improbable combinations of TFR(t) and 
female e0(t). The term “optimized random-combinations” in this article refers to 
random-combinations with appropriate expert judgements.

In the Discussion, we also describe and discuss our ongoing research pro-
gram of probabilistic household and living arrangement projections (PHPs) for 
informed decision-making and sustainable development research, which is built 
upon and consistent with the probabilistic population projections of UNPD.

Background

The basic ideas underlying the UNPD PPPs are to first estimate prior probabil-
ity distributions of TFR(t) and female e0(t) based on their historical trends from 
1950 to the last year of the available estimates for almost all countries (Alkema, 
et  al., 2011; Raftery et  al., 2013) and relevant demographic transition theories 
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(Lee, 2003). The second step uses Bayesian hierarchical models to estimate pos-
terior probability distributions of each country s trajectories of TFR(t) and female 
e0(t) in 2021–2100, combining information from prior probability distributions 
and country-specific demographic information. Different statistical models, such 
as the double logistic model and the first-order auto-regression model, are used to 
model the parameters at various stages of the demographic transition. The third 
step is to use a Markov chain Monte Carlo (MCMC) algorithm to sample the 
parameters from their posterior probability distributions and simulate the proba-
bilistically projected 2,000 trajectories of TFR(t) and 2,000 trajectories of female 
e0(t) independently. Since male e0(t) and female e0(t) are highly correlated, the 
UNPD PPPs project probabilistically the female e0(t) first and then project the 
male e0(t) according to the historically observed associations between male e0(t) 
and female e0(t) and the projected gender gap in e0(t). In the fourth step, the 
2,000 trajectories of TFR(t) and the 2,000 trajectories of female e0(t) of each 
country are completely randomly combined to produce the PPPs for each of the 
countries worldwide in 2021–2100 (UNPD, 2022a, 2022b).

Each of the 2,000 trajectories of TFR(t) is combined with standard schedules 
of age-specific fertility rates to obtain a projected trajectory of age-specific fertil-
ity rates. The sex-age-specific mortality rates are calculated to be consistent with 
the 2,000 trajectories of projected e0(t) for each year, with year-specific age pat-
terns of death rates for each country separately projected using model life tables, 
a modified Lee-Carter method, or other models. The trajectories of age-specific 
fertility rates and the trajectories of sex-age-specific mortality rates are then com-
bined with deterministically projected sex-age-specific numbers of net migra-
tion. Together with the baseline population by age and sex, these trajectories 
are input of the cohort-component method for projecting populations to produce 
2,000 probabilistically projected trajectories of future populations by age and sex. 
Various population and demographic indicators can be summarized with 80% 
and 95% prediction intervals. This statistical framework for probabilistic projec-
tions and estimations of fertility, mortality and population for all countries has 
also been embodied in a computer program package named “BayesPop” written 
in R and publicly available on the Comprehensive R Archive Network (CRAN) 
(Ševčíková, H., and Raftery, A. E.,2016).

Analyses of empirical data from different countries show that high (or low) 
TFR(t) is associated with low (or high) e0(t). Prior studies have found a nega-
tive correlation between TFR(t) and e0(t) based on either country-specific time 
series data (Jannat, 2022; Jafrin et  al., 2021; Onwube et  al., 2021; Abbas and 
Awan, 2015; Delavari et al., 2016; Sarlak & Savari, 2016; Summoogum & Fah, 
2016; Singariya, 2013) or cross-sectional data from multiple countries (Barlow & 
Vissandjée, 2011; Girum et al., 2018; Husain, 2002; Kabir, 2008; Kalita, 2018; 
Low et  al., 2013; Mondal & Shitan, 2013, 2014; Mondal et  al., 2015). Statisti-
cally significant negative correlations between TFR(t) and e0(t) have been found 
in Bangladesh (Jannat, 2022), in 5 countries of the South Asian Association for 
Regional Cooperation (Jafrin, 2021), in Iran (Delavari, 2016), in Oman (Sarlak & 
Savari, 2016), in India (Singariya, 2013), in Nigeria (Onwube, 2021), and in one 
developed and three developing countries in Asia (Summoogum & Fah, 2016). 
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Multi-country studies also show evidence of the negative correlation between 
TFR(t) and e0(t). Girum (2018) found a statistically significant negative linear 
relationship between TFR(t) and e0(t) using aggregates of health indicator data 
from the WHO, World Bank, UNPD, and UNICEF databases in 83 countries with 
low and medium human development index scores. This finding is consistent with 
the studies conducted by Low (2013) in 177 countries, in 91 developing countries 
by Husain (2002), Kabir (2008), Mondal and Shitan (2013, 2014), and Barlow 
and Vissandjée (2011) in 77 countries. Within-country studies also support the 
negative relationship between TFR(t) and e0(t) (Krupp, 2012; Nettle, 2011).

Data and Methods

Data

The dada analyzed in this article are derived from the UNPD World Population Pros-
pects report (United Nations, 2022), including country-specific annual time series 
data of TFR(t) and female e0(t) in 1950–2020 in each of the 11 developing countries 
of Brazil, China, Indonesia, Madagascar, Pakistan, Philippines, Saudi Arabia, Singa-
pore, Sri Lanka, Thailand, and Viet Nam, and each of the 6 developed countries of 
Canada, France, Italy, Japan, the United Kingdom and the United States.

Measurements

To further confirm that high (or low) TFR(t) is associated with low (or high) female 
e0(t) as reviewed in the Background section, we estimated Kendall s Tau-b rank cor-
relation coefficients to empirically analyze temporal covariations of the country-spe-
cific annual time series data of TFR(t) and female e0(t) in 1950–2020 in 11 develop-
ing countries and 6 developed countries as presented in the first section of Results 
section, using the data from the UNPD World Population Prospects report (United 
Nations, 2022).

Since the correlations between TFR(t) and female e0(t) observed in 1950–2020 
were relatively less strong in the developed countries than that in the developing 
countries (see Table 1), we use different measurements to investigate the percent-
ages of the improbable combinations of TFR(t) and female e0(t), if they are com-
pletely randomly combined. The different measurements for developing countries 
and developed countries are described as follows.

For the developing countries, we divide the probabilistically projected trajecto-
ries of TFR(t) and female e0(t) released by UNPD into five groups of percentiles 
of the highest 20%, second highest 20%, middle 20%, second lowest 20%, and the 
lowest 20%, according to the means of the trajectories of TFR(t) and female e0(t). 
Because TFR(t) is negatively correlated with female e0(t), it would result in 6 
groups of improbable combinations as follows in developing countries, if TFR(t) 
and female e0(t) are completely randomly combined:
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(1) The 20% highest TFR(t) being combined with the 20% highest female e0(t);
(2) The 20% highest TFR(t) being combined with the 20% second highest female 

e0(t);
(3) The 20% second highest TFR(t) being combined with the 20% highest female 

e0(t);
(4) The 20% lowest TFR(t) being combined with the 20% lowest female e0(t);
(5) The 20% lowest TFR(t) being combined with the 20% second low female e0(t);
(6) The 20% second lowest TFR(t) being combined with the 20% lowest female 

e0(t).

For the developed countries, we divide the probabilistically projected trajecto-
ries of TFR(t) and female e0(t) released by UNPD into three groups of percentiles 
of the 33.3% highest, 33.3% middle, and 33.3% lowest, according to the means of 
the trajectories of TFR(t) and female e0(t). It would result in 2 groups of improb-
able combinations as follows in developed countries, if TFR(t) and female e0(t) 
are completely randomly combined:

Table 1  Kendall s Tau-b rank correlation coefficients measuring correlations between observed TFR(t) 
and female e0(t) in1950-2020 in the 11 developing countries and 6 developed countries

Data source: The Kendall s Tau-b rank correlation coefficients listed in this Table 1 were based on the 
time series data of observed TFR(t) and female e0(t) in 1950–2020 in the 17 countries from the UNPD 
World Population Prospects report (United Nations, 2022)

Country n (TFR) n (e0) Tau-b rank correla-
tion coefficient

95% Confidential interval P value

11 developing countries
 Brazil 72 72 −.9775 −1.000 ~ −0.952 P < .001
 China 72 72 −.6703 −0.780 ~ −0.556 P < .001
 Indonesia 72 72 −.8065 −0.911 ~ −0.702 P < .001
 Madagascar 72 72 −.8816 −0.963 ~ −0.800 P < .001
 Pakistan 72 72 −.8180 −0.901 ~ −0.692 P < .001
 Philippines 72 72 −.9718 −1.000 ~ −0.940 P < .001
 Saudi Arabia 72 72 −.8618 −0.964 ~ −0.759 P < .001
 Singapore 72 72 −.8934 −0.938 ~ −0.849 P < .001
 Sri Lanka 72 72 −.8522 −0.933 ~ −0.772 P < .001
 Thailand 72 72 −.9370 −0.980 ~ −0.894 P < .001
 Viet Nam 72 72 −.7452 −0.864 ~ −0.626 P < .001

6 developed countries
 Canada 72 72 −.7886 −0.861 ~ −0.716 P < .001
 France 72 72 −.4558 −0.612 ~ −0.300 P < .001
 Italy 72 72 −.5649 −0.681 ~ −0.449 P < .001
 Japan 72 72 −.7692 −0.855 ~ −0.684 P < .001
 United Kingdom 72 72 −.4697 −0.583 ~ −0.356 P < .001
 The United States 72 72 −.4095 −0.579 ~ −0.226 P < .001
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(a) The 33.33% highest TFR(t) being combined with the 33.33% highest female 
e0(t);

(b) The 33.33% lowest TFR(t) being combined with the 33.33% lowest female e0(t).

Methods for the optimized random-combinations of TFR(t) and female e0(t) in 
the PPPs.

The method for optimized random-combinations of TFR(t) and female e0(t) 
for the PPPs in developing countries is outlined in (O5-1) ~ (O5-5) below (abbre-
viated as “optimized random-combinations for developing countries” hereafter):

 (O5-1) Randomly combine the highest 20% of TFR(t) and the lowest 20% of 
female e0(t);

 (O5-2) Randomly combine the second highest 20% of TFR(t) and the second lowest 
20% of female e0(t);

 (O5-3) Randomly combine the middle 20% of TFR(t) and the middle 20% of female 
e0(t);

 (O5-4) Randomly combine the second lowest 20% of TFR(t) and the second highest 
20% of female e0(t);

 (O5-5) Randomly combine the lowest 20% of TFR(t) and the highest 20% of female 
e0(t).

The method for optimized random-combinations of TFR(t) and female e0(t) for 
the PPPs in developed countries is outlined in (O3-1) ~ (O3-3) below (abbreviated as 
“optimized random-combinations for developed countries” hereafter):

 (O3-1) Randomly combine the 33.3% highest of TFR(t) and the 33.3% lowest of 
female e0(t);

 (O3-2) Randomly combine the 33.3% middle of TFR(t) and the 33.3% middle of 
female e0(t);

 (O3-3) Randomly combine the 33.3% lowest of TFR(t) and the 33.3% highest of 
female e0(t).

Results

Empirical Data Analyses of the Correlations Between TFR(t) and Female e0(t)

To further confirm that high (or low) TFR(t) is associated with low (or high) female 
e0(t) as reviewed in the Background, we empirically analyzed the national annual 
time series data of TFR(t) and female e0(t) in 1950–2020 in 11 developing coun-
tries of Brazil, China, Indonesia, Pakistan, Philippines, Saudi Arabia, Singapore, 
Sri Lanka, Thailand and Viet Nam, and 6 developed countries of Canada, France 
Italy, Japan, the United Kingdom, and the United States (countries are listed alpha-
betically). The data were taken from the UNPD World Population Prospects report 
(United Nations, 2022). We estimated Kendall s Tau-b rank correlation coefficients 
as a nonparametric measure of the strength of the correlation between TFR(t) and 
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female e0(t). As shown in Table 1, there are highly significant negative correlations 
(P < 0.001) between TFR(t) and female e0(t) in the 11 developing countries, as well 
as in the 6 developed countries. All of the p values of Kendall s Tau-b rank correla-
tion coefficients in these 17 countries were less than 0.001 (see Table 1). The visual 
graphics of TFR(t) and female e0(t) in 1950–2020 for China and the United States 
are presented in Figs. 1, 2, and for the other 15 countries are presented in the online 
Supplementary Materials (SM) SM-Figs. 1–15. The Figs. 1, 2 and SM-Figs. 1–15 
show the clear patterns of negative correlations between TFR(t) and female e0(t) in 
the past 71 years in the 17 countries.
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Fig. 1  Observed TFR(t) and female e0(t) in China, 1950–2020

Fig. 2  Observed TFR(t) and female e0(t) in the United States, 1950–2020
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Expectations and Empirical Verification of the Improbable Combinations of TFR(t) 
and Female e0(t) if they are Completely Randomly Combined

As shown in Table  1, the tau-b rank correlation coefficients of the TFR(t) and 
female e0(t) in 1950–2020 in the 11 developing countries, which are now in 
Phase II of the fertility transition (i.e., fertility rates decline and gradually being 
close or reach the replacement level) were mostly and substantially larger than 
those in the 6 developed countries, which are now in Phase III of the fertility 
transition (i.e., fertility rates substantially decline to below replacement level 
and then recover toward replacement fertility; ref. Alkema et  al., 2011). Thus, 
our expectations of the implausible combinations of TFR(t) and female e0(t) for 
developing countries and developed countries are not the same, as discussed and 
empirically verified below.

We expect that the improbable combinations as outlined in (1) ~ (6) in the 
measurements sub-section of Data and Methods did not exist or were very rare in 
observed time series datasets of TFR(t) and female e0(t) in developing countries. 
To empirically assess this expectation, we sorted the time series data of TFR(t) 
and female e0(t) in the 71 years from 1950 to 2020 into five groups of percentiles 
of 20% highest, 20% second highest, 20% middle, 20% second lowest, and 20% 
lowest, according to the means of TFR(t) and female e0(t) in the country, for each 
of the 11 developing countries of Brazil, China, Indonesia, Madagascar, Pakistan, 
Philippines, Saudi Arabia, Singapore, Sri Lanka, Thailand, and Viet Nam, respec-
tively. We found that the percentages of the improbable combinations among the 
total numbers of combinations of TFR(t) and female e0(t) in 1950–2020 in each 
of the 11 developing countries are all 0% (see Table 2), and hence the expectation 
of the improbable combinations of TFR(t) and female e0(t) if they were com-
pletely randomly combined outlined in (1) ~ (6) of Sect. 2.2.1 is empirically veri-
fied by the observed time series data of the 11 developing countries.

We expect that the improbable combinations as outlined in (a) ~ (b) of the 
measurements sub-section of Data and Methods section did not exist or were 
very rare in observed time series datasets of TFR(t) and female e0(t) in developed 
countries. To empirically assess this expectation, we sorted the time series data 
of TFR(t) and female e0(t) in the 71 years from 1950 to 2020 into three groups 
of percentiles of 33.33% high, 33.33% middle, and 33.33% low, according to the 
means of TFR(t) and female e0(t) in the country, for each of the 6 developed 
countries. We found that the percentages of the improbable combinations among 
the total numbers of combinations of TFR(t) and female e0(t) in 1950–2020 in 
Canada, France, Italy, Japan, the United Kingdom and the United States are 0%, 
0%, 0%, 0%, 0% and 1.4%, respectively (see Table 3). Hence, the expectation of 
the improbable combinations of TFR(t) and female e0(t) if they were completely 
randomly combined outlined in (a) ~ (b) is empirically verified by the observed 
time series data of the 6 developed countries. Note that the 1.4% of the improb-
able combinations of TFR(t) and female e0(t) in 1950–2020 in the United States 
was because TFR(t) reached its peak (2.1) in 2007 due to the economic boom in 
the early 2000s which resulted in a huge number of international immigrants who 
had high fertility rates (Camarota, 2011).
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The Improbable Combinations of the Probabilistically Projected Trajectories 
of TFR(t) and Female e0(t) When they are Completely Randomly Combined

The empirical analyses of the observed time series data presented in the first sub-
section of the Results imply that it would result in a considerable number of improb-
able combinations of trajectories of TFR(t) and female e0(t) if they were completely 
randomly combined for PPPs in the future years. As demonstrated in Table 4, we 
expect that there are 80 improbable combinations in each of the 6 groups of improb-
able combinations among the 2,000 pairs of completely randomly combined trajec-
tories of TFR(t) and female e0(t) in future years for a developing country. In total, 
it is expected that there are 480 (= 80 × 6) improbable combinations, which account 
for 24% (= 480 /2,000) of the 2,000 pairs of completely randomly combined TFR(t) 
and female e0(t) trajectories used for PPPs in the developing countries.

To empirically assess this expectation, we downloaded the 1,000 sets of trajecto-
ries of TFR(t) and female e0(t) for the PPPs of the 11 developing countries including 

Table 3  Percentages of the improbable combinations of the observed TFR(t) and female e0(t) in 1950–
2020 in 6 developed countries

Country 33.33% high TFR(t) with 
33.33% highest e0(t)

33.33% lowest TFR(t) with 
33.33% lowest e0(t)

Total % of the 
improbable combi-
nations

Canada 0% 0% 0%
France 0% 0% 0%
Italy 0% 0% 0%
Japan 0% 0% 0%
The United Kingdom 0% 0% 0%
The United States 1.4% 0% 1.4%

Table 4  Demonstrations of the expected number of improbable combinations of TFR(t) and female e0(t) 
(marked by orange color in boldface type), if projected 2,000 trajectories of TFR(t) and female e0(t) are 
completely randomly combined in the case of developing countries

There are in total 480 pairs (marked by orange color in boldface type) of the improbable complete ran-
dom-combinations of TFR(t) and female e0(t), which account for 24% (= 480/2,000) of the total number 
of complete random-combinations, for developing countries

TFR(t) Female e0(t)

20% Highest 20% 2nd highest 20% middle 20% 2nd lowest 20% lowest Total

20% Highest 80 80 80 80 80 400
20% 2nd Highest 80 80 80 80 80 400
20% Middle 80 80 80 80 80 400
20% 2nd Lowest 80 80 80 80 80 400
20% Lowest 80 80 80 80 80 400
Total 400 400 400 400 400 2000
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Brazil, China, Indonesia, Madagascar, Pakistan, Philippines, Saudi Arabia, Singa-
pore, Sri Lanka, Thailand, and Viet Nam in 2020–2100 released by UNPD at the 
BayesPop website of the University of Washington. Note that the BayesPop Website 
of the University of Washington included 1,000 sets (rather than 2,000 sets) of tra-
jectories of TFR(t) and e0(t) in the future years, and the UNPD PPP Website does 
not include trajectories of TFR(t) and e0(t). We sorted them into five groups of per-
centiles of 20% highest, 20% second highest, 20% middle, 20% second lowest, and 
20% lowest, respectively, according to the means of the trajectories of TFR(t) and 
female e0(t). As shown in the first section of Table 5, for example, the percentages 
of improbable combinations among the complete random-combinations of TFR(t) 
and female e0(t) in the UNPD PPPs are 22.6%-24.8% (close to 24%) in 2060 for the 
11 developing countries.

The SM-Tables  1–6 present more detailed numerical results of the ranges of 
20% groups of TFR(t) and 20% groups of e0(t), and percentages of the improbable 
combinations, when the probabilistically projected TFR(t) and e0(t) are completely 
randomly combined, in the PPPs of 11 developing countries in 2030–2100. For 
example, the complete random-combinations of TFR(t) and e0(t) for PPPs in Brazil 
would result in that 23.8% of the combinations are improbable in 2060, including 
20% highest TFR(t) (1.82–2.28) combined with 20% highest e0(t) (87.00–89.67), 
20% lowest TFR(t) (0.55–1.27) combined with 20% lowest e0(t) (80.42–84.20) (ref. 
SM-Table 1). Clearly, our expectation for the developing countries outlined in the 
first paragraph of this Section is empirically verified.

For the developed countries (such as Canada, France Italy, Japan, the United 
Kingdom and the United States), as demonstrated in Table 6, we expect that there 
are 222 improbable combinations in each of the two groups of improbable combina-
tions among the 2,000 pairs of completely randomly combined trajectories of TFR(t) 
and female e0(t) in future years for a developed country. In total, it is expected that 
there are 444 improbable combinations, which account for 22.2% (= 444/2,000) of 
the 2,000 pairs of completely randomly combined TFR(t) and female e0(t) trajecto-
ries used for PPPs in the developed countries in the future years.

To empirically assess this expectation, we downloaded the 1,000 sets of tra-
jectories of TFR(t) and female e0(t) for the PPPs of the 6 developed countries in 
2020–2100 released by UNPD at the BayesPop website of the University of Wash-
ington. We sorted them into three groups of percentiles of 33.3% highest, 33.3% 
middle, and 33.3% lowest, respectively, according to the means of the trajectories of 
TFR(t) and female e0(t). As shown in the second section of Table 5, for example, the 
percentages of improbable combinations among the complete random-combinations 
of TFR(t) and female e0(t) in the PPPs are 19.6%-23.8% in 2060 for Canada, France. 
Italy, Japan, the United Kingdom and the United States. The SM-Tables 7–9 present 
more detailed numerical results of the ranges of 33.3% groups of TFR(t) and 33.3% 
groups of e0(t), and percentages of the improbable combinations, when projected 
TFR(t) and e0(t) are completely randomly combined in the PPPs of the 6 developed 
countries in 2030–2100. For example, the complete random-combinations of TFR(t) 
and e0(t) for PPPs in the United States would result in 24.42% of the improbable 
combinations in 2100, including 33.3% highest TFR(t) (1.91–2.78) combined with 
33.3% highest e0(t) (91.41–100.36) and 33.3% lowest TFR(t) (1.10–1.75) combined 
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with 33.3% lowest e0(t) (82.55–89.00) (ref. SM-Table 9). Clearly, our expectation 
for the developed countries outlined in the first paragraph of this Section is empiri-
cally verified.

The Results of Optimized Random‑Combinations of the Probabilistically 
Projected TFR(t) and Female e0(t) in Future Years

The analyses presented in the first and second sub-sections of Results section have 
verified that substantial percentages of combinations of trajectories of TFR(t) and 
female e0(t) in future years would be improbable when they are completely ran-
domly combined. Inspired by the SCOPE strategy of assembling expert opinions in 
probabilistic mortality forecasting (Vaupel, 2019), we apply the approach of opti-
mized random-combinations (i.e. appropriately stratified random-combinations) of 
the probabilistically projected trajectories of TFR(t) and female e0(t) in the PPPs for 
developing countries, as described in the third sub-section of the Data and Methods 
Section.

Note that using the optimized random-combinations does not only include the 
combinations as outlined in (O5-1) ~ (O5-5) in the third sub-section of the Methods 
section, but also results in other probable combinations, such as the highest 20% of 
TFR(t) combined with the second lowest 20% of female e0(t), second highest 20% 
of TFR(t) combined with the lowest 20% of female e0(t), the lowest 20% of TFR(t) 
combined with the second highest 20% of female e0(t), and the second lowest 20% 
of TFR(t) combined with the highest 20% of female e0(t). This is because each of 
the probabilistically projected TFR(t) trajectories and female e0(t) trajectories fluc-
tuates up and down in future years, and the actual optimized random-combinations 
(according to the means) of TFR(t) and female e0(t) in each of the future years may 
not be exactly the same as the initial design of (O5-1) ~ (O5-5). Thus, using the opti-
mized random-combinations may not totally avoid improbable combinations.

To test the approach as outlined in (O5-1) ~ (O5-5) in the third sub-section 
of the Data and Methods section for developing countries, we applied our exten-
sion of UNPD publicly released R package BayesPop to obtain the optimized 

Table 6  Demonstrations of the expected numbers of improbable combinations of TFR(t) and female 
e0(t) (marked by orange color in boldface type), if projected 2,000 trajectories of TFR(t) and female e0(t) 
are completely randomly combined in the case of developed countries

There are in total 444 pairs (marked by boldface type) of the improbable completely random-combina-
tions of TFR(t) and female e0(t), which account for 22.2% (= 444/2,000) of the total number of com-
pletely random-combinations, for developed countries

TFR(t) Female e0(t)

33.3% highest 33.3% middle 33.3% lowest Total

33.3% Highest 222 222 222 666
33.3% Middle 222 224 222 668
33.3% Lowest 222 222 222 666
Total 666 668 666 2000
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a b

Year 2030 2040 2050 2060 2070 2080 2090 2100
Reduc�ons of 80% PI width -12.85% -23.51% -37.26% -43.76% -42.51% -43.69% -37.41% -31.37%
Reduc�ons of 95% PI width -13.10% -24.02% -33.45% -38.85% -42.39% -34.89% -27.31% -21.51%

Fig. 3  Total population size observed in 1950–2020 and probabilistically projected in 2021–2100, China. 
Summary: The reductions of 80% PI width and 95% PI width of projected total population size in 2030–
2100 in China, using optimized random-combinations of TFR(t) and e0(t), as compared with that using 
the completely random-combinations. a Using the bayesPop and optimized random-combinations of pro-
jected TFR(t) and e0(t). b Using the bayesPop and completely random combinations of projected TFR(t) 
and e0(t)

a b

Year 2030 2040 2050 2060 2070 2080 2090 2100
Reduc�ons of 80% PI width -7.50% -20.90% -28.56% -33.63% -35.86% -34.35% -31.05% -28.75%
Reduc�ons of 95% PI width -5.79% -19.07% -25.85% -28.58% -27.44% -27.71% -25.18% -21.20%

Fig. 4  Total population size observed in 1950–2020 and probabilistically projected in 2021–2100, the 
Unite States. Summary: The reductions of 80% PI width and 95% PI width of projected total population 
size in 2030–2100 in the United States, using optimized random-combinations of TFR(t) and e0(t), as 
compared with that using the completely random-combinations. a Using the bayesPop and optimized 
random- combinations of projected TFR(t) and e0(t). b Using the bayesPop and completely random com-
binations of projected TFR(t) and e0(t)



 M. Li et al.    7  Page 16 of 22

random-combinations of TFR(t) and female e(t) in the PPPs following the approach 
of five groups of percentiles for the 11 developing countries of Brazil, China, Indo-
nesia, Madagascar, Pakistan, Philippines, Saudi Arabia, Singapore, Sri Lanka, 
Thailand and Viet Nam. As shown in the first section of Table  7, the optimized 
random-combinations for developing countries outlined in (O5-1) ~ (O5-5) indeed 
substantially reduce the percentages of the improbable combinations of TFR(t) and 
female e0(t) as compared with the complete random-combinations. For example, 
the percentages of the improbable combinations of TFR(t) and female e0(t) in 2060 
using the approach of five groups of percentiles of optimized random-combinations 
are 1.2%-3.3% for the 11 developing countries (see the first section of Table  5), 
which is much smaller than that of using complete random-combinations for these 
11 developing countries (22.6%-24.8%).

Our illustrative applications have shown that the five groups of percentiles of 
optimized random-combinations of the probabilistically projected TFR(t) and 
female e0(t) substantially narrow the 80% prediction interval width and the 95% 
prediction interval width of the projections of total population sizes, as compared 
with the complete random-combinations of the probabilistically projected TFR(t) 
and female e0(t) in 2021–2100 for the 11 developing countries (ref. Figure 3 and 
SM-Figs.  16–25 for visual comparisons and numerical summaries). For example, 
the optimized random-combinations of TFR(t) and female e0(t) in China reduced 
the 80% prediction interval width and 95% prediction interval width by 43.76% and 
38.85% in 2060 and by 31.37% and 21.51% in 2100, as compared with that using the 
complete random-combinations (see Table 7 and the summary underneath Fig. 3).

We applied the extended R package BayesPop and used the method for optimized 
random-combinations of TFR(t) and female e(t) for developed countries as outlined 
in (O3-1) ~ (O3-3) in the PPPs for the 6 developed countries of Canada, France Italy, 
Japan, the United Kingdom and the United States. As shown in the second section of 
Table 7, the optimized random-combinations of TFR(t) and female e(t) substantially 
reduce the percentages of the improbable combinations of TFR(t) and female e0(t) 
compared to the complete random-combinations. For example, the percentages of 
improbable combinations of TFR(t) and female e0(t) for the 6 developed countries 
using the method for optimized random-combinations are 2.6%-4.5% in 2060 (see 
the second section of Table  5), which are much smaller than that using complete 
random-combinations for these developed countries (19.6%-23.8%) presented in the 
second section of Table 5.

Our illustrative applications have shown that the method for optimized random-
combinations of the probabilistically projected TFR(t) and female e0(t) substantially 
narrowed the 80% PI width and the 95% PI width of the projections of total popula-
tion sizes, as compared with the complete random-combinations of the probabilisti-
cally projected TFR(t) and female e0(t) in 2021–2100 for the 6 developed countries 
(see the second section of Table 7 and ref. Figure 4 and SM-Figs. 35–40 for visual 
comparisons and numerical summaries). For example, the optimized random-com-
binations of TFR(t) and female e0(t) in the United States reduced the 80% PI width 
and 95% PI width by 33.63% and 28.58% in 2060 and by 28.75% and 21.20% in 
2100, as compared with that using the complete random-combinations (see the sec-
ond section of Table 7 and the summary underneath Fig. 4).



Optimized Random‑Combinations of Total Fertility Rates and… Page 17 of 22     7 

Discussion and Conclusion

Our literature review and empirical data analyses provide strong evidence that 
TFR(t) is negatively correlated with e0(t) in various countries worldwide. Our anal-
yses indicated that complete random-combinations of TFR(t) trajectories and female 
e0(t) trajectories resulted in about 22.6%-24.8% and 19.6%-23.8% of the combina-
tions that are improbable, namely, high (or low) TFR(t) combined with high (or low) 
female e0(t) in the probabilistic population projections for developing countries and 
developed countries, respectively. Because the correlations of the TFR(t) and e0(t) 
in 1950–2020 in the developed countries were less strong as compared with that in 
the developing countries, we proposed different approaches of the optimized ran-
dom-combinations of probabilistically projected TFR(t) and female e0(t) for PPPs 
for developing countries and developed countries.

As illustrative applications, we conducted PPPs for the 11 developing countries 
of Brazil, China, Indonesia, Madagascar, Pakistan, Philippines, Saudi Arabia, Sin-
gapore, Sri Lanka, Thailand and Viet Nam and 6 developed countries of Canada, 
France Italy, Japan, the United Kingdom and the United States, using our proposed 
approaches of the optimized random-combinations of trajectories of TFR(t) and 
female e0(t) probabilistically projected by UNPD. Our illustrative applications for 
the 17 countries demonstrated that the optimized random-combinations largely 
reduce the percentages of improbable combinations of TFR(t) and female e0(t) and 
substantially narrow the 80% prediction interval width and 95% prediction interval 
width, as compared with the complete random-combinations. For example, in the 
17 countries, the percentages of the improbable combinations of TFR(t) and female 
e0(t) in 2060 are 1.2%-4.5% using the optimized random-combinations, in contrast 
to 19.6%-24.8% using the complete random-combinations; and 80% predictive inter-
val widths of the probabilistically projected total population size in 2060 using the 
optimized random-combinations of TFR(t) and e0(t) are substantially reduced by 
14.4%-43.8% as compared with using the complete random-combinations of TFR(t) 
and e0(t). Clearly, the optimized random-combinations largely reduce percentages 
of improbable combinations of TFR(t) and e0(t) and substantially narrow the predic-
tion intervals width compared to complete random-combinations in both developing 
countries and developed countries. This is important in a real-world practical sense 
since it would substantially improve the accuracy of PPPs, which are useful for soci-
oeconomic planning.

We also tried the approach of ten groups of percentiles for optimized random-
combinations of the projected trajectories of TFR(t) and female e0(t) (ref. Section 
SM1 of Supplementary Materials for details). We found that the use of ten groups of 
percentiles resulted in substantially higher percentages of improbable random-com-
binations of TFR(t) and e0(t) as compared with the approaches of the five groups 
of percentiles for developing countries and three groups of percentiles for devel-
oped countries. Furthermore, the approaches of five groups of percentiles and three 
groups of percentiles have middle groups, whereas the approaches of ten groups of 
percentiles, eight groups of percentiles, six groups of percentiles, and four groups 
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of percentiles do not have middle groups, and they are not appropriate for the opti-
mized random-combinations of the projected trajectories of TFR(t) and e0(t).

The present study is part of our ongoing research program on extending Pro-
Famy cohort-component methods and software to probabilistic household and living 
arrangement projections (PHPs) that build upon and are consistent with the UNPD 
PPPs. The PHPs are useful extensions of PPPs (which do not include household 
information) since the outcomes of PHPs can be readily used in various studies on 
healthy aging and sustainable development. To prepare the inputs for PHPs, we 
have developed new methods for probabilistically projecting the total marriage rate 
(TMR(t)) and the total divorce rate (TDR(t)) based on the time series of TMR(t) 
and TDR(t) estimated using the BayesRates R package and commonly available 
demographic datasets (Zhang et al., 2024). Our illustrative applications of estimat-
ing the time series of TMR(t) and TDR(t) and probabilistically projecting TMR(t) 
and TDR(t) in future years for China and United States are successful (Zeng et al., 
2024). We will investigate the optimized random-combinations of probabilistically 
projected TMR(t) and TFR(t) as well as TDR(t) and TFR(t) for developing coun-
tries and developed countries, respectively. We will develop the new methods, user-
friendly software and databases for PHPs by substantially extending the ProFamy 
cohort-component methods/software, which use commonly available demographic 
rates as input and project detailed household types, sizes, and living arrangements of 
all individuals of various ages, as well as detailed population size, age and sex distri-
butions (Zeng, Land, Gu and Wang et al., 2014). As discussed in Zeng et al. (2024), 
the ProFamy cohort-component methods/software provide an ideal and highly feasi-
ble modelling framework for research on PHPs.
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